We develop two energy methods to investigate interparticle forces in a chain of three microparticles in an electric field, two of which are fixed and symmetrically located in the two opposite sides of the third free microparticle. We reveal that, if the free microparticle is laterally dragged and released, it can oscillate perpendicular to the line joining the centers of the two fixed microparticles, being in simple harmonic oscillation with a fixed period for small oscillation amplitudes. This work demonstrates that microparticles can be used to record time, which makes it possible to design a new class of microparticulate clocks. © 2008 American Institute of Physics. ͓DOI: 10.1063/1.2903100͔ Dynamic behaviors are abundant in field-responsive colloidal suspensions.
We develop two energy methods to investigate interparticle forces in a chain of three microparticles in an electric field, two of which are fixed and symmetrically located in the two opposite sides of the third free microparticle. We reveal that, if the free microparticle is laterally dragged and released, it can oscillate perpendicular to the line joining the centers of the two fixed microparticles, being in simple harmonic oscillation with a fixed period for small oscillation amplitudes. This work demonstrates that microparticles can be used to record time, which makes it possible to design a new class of microparticulate clocks. © 2008 American Institute of Physics. ͓DOI: 10.1063/1.2903100͔ Dynamic behaviors are abundant in field-responsive colloidal suspensions. [1] [2] [3] For instance, they come to appear for suspended microparticles upon the initial application of external fields or shear flow, or in response to the Brownian motion inside the suspensions. In this work, we focus on a specific dynamic behavior-oscillations. Actually, as early as 2001, one 1 already assumed a dielectric sphere to undergo a simple harmonic oscillation and analytically derived the time average of the induced dipole moment. However, the physical origin for the appearance of the oscillation is not distinct, at least so far. The aim of this work is to present the physical mechanism for yielding a kind of electroinduced simple harmonic oscillation of a microparticle, which makes it possible to design a class of microparticulate clocks.
To proceed, let us consider a chain of three dielectric spherical microparticles ͑see Fig. 1͒ : Two of them ͑micropar-ticles A and B͒ are held fixed, and the third one ͑micropar-ticle C͒ is kept free and can vibrate perpendicular to the line joining the centers of microparticles A and B if being laterally dragged and released. We shall only take into account the electric interparticle forces by neglecting all the other forces such as gravity, friction, Brownian forces, and hydrodynamic forces. This is a reasonable treatment since they can be canceled by specifically designing the system. For example, one may put the three microparticles on a frictionless planar surface in vacuum ͑of dielectric constant ⑀ 0 ͒, as used in this work. In doing so, all the above-mentioned other forces can be neglected, as expected. Also, it is only necessary to take into account the electric interparticle forces to investigate the dynamics of microparticle C.
The application of an external electric field can induce polarization charges on the surface of the three microparticles, which just result in interparticle forces between them. Being beyond the usual point-dipole approximation and multiple image method of dipoles, 4,5 here we develop two energy methods to calculate the electric interparticle forces. For the three microparticles, the total force F t acting on microparticle C can be calculated by either including only two-body interactions ͑F t ͑2͒ ͒ or including both two-body and three- 
The structure under our investigation is schematically displayed in Fig. 1 . To begin an oscillation, we laterally drag the microparticle C and then release it. The maximum lateral displacement is just the oscillation amplitude. Note that microparticle C can only vibrate perpendicular to the line joining the centers of microparticles A and B due to the geometric symmetry of the three-microparticle chain. Next, we perform two energy methods to derive the total electric interparticle force F t acting on microparticle C.
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FIG. 1. Schematic graph showing three dielectric spherical microparticles
A, B, and C with radius a in the presence of a z-directed external electric field E 0 = E 0 ẑ. Here, microparticles A and B are fixed and symmetrically located in the two opposite sides of free microparticle C. denotes the angle between E 0 and the line joining the centers of microparticles A and C, R is the center-to-center separation between microparticles A ͑or B͒ and C, d is the surface-to-surface separation between microparticles A ͑or B͒ and C at the equilibrium position, and x is the lateral displacement of microparticle C.
Method I is based on Legendre polynomials, in which the force exerted on microparticle C can be obtained by evaluating the derivative of the electric energy with respect to microparticle displacement in space. The change in the energy due to the introduction of microparticles A and B into the host medium ͑vacuum͒ in the presence of an external electric field E 0 is
where a ͑or ⑀ p ͒ is the radius ͑or dielectric constant͒ of the microparticles and C 1 is given by
and P 2 ͑cos ͒ is the Legendre polynomial of degree 2. Owing to the geometric symmetry, the interparticle force between A and C is equal to the force between B and C. So, we only consider one pair of them, namely, A and C. Then, the radial force F r and tangential force F acting on microparticle C can be found by taking the derivative of the energy with respect to the vector connecting the centers of microparticles A and C: F r =−‫ץ‬W / ‫ץ‬R and F =−͑1 / R͒͑‫ץ‬W / ‫.͒ץ‬ Here, F r Ͼ 0 means that the radial interaction between the two microparticles is repulsive; otherwise, it is attractive. Also, F Ͼ 0 represents that the tangential interaction between the two microparticles makes the angle enlarged; otherwise, it is reduced. It is worth mentioning that F r can equal 0 at a certain nonzero angle , whereas F is equal to 0 only at = 90°. So far, the total electric interparticle force F t can be given by
which is always directed toward the equilibrium position. In Method II, for comparison, we also develop an alternative method, which is based on Green's function. In this method, the total electric energy takes the form
where V is the volume of the whole system, v tot denotes the volume of microparticles A and C, and Green's function G͑s͒ is given by G͑s͒ϵ͚ ␣ ͉␣͗͘␣͉ / ͑s − s ␣ ͒ = ͑sI − ⌫͒ −1 . Here, ⌫͉␣͘ = s ␣ ͉␣͘; ⌫ is a Hermitian operator and s ␣ are the eigenvalues. ⌫ has the following matrix elements:
and s l ͑=s Rlm ͒ = l / 2l + 1. Until now, we can calculate the radial and tangential forces acting on the microparticle, F r = +͑‫ץ‬W / ‫ץ‬R͒ and F = +͑1 / R͒͑‫ץ‬W / ‫͒ץ‬ , where the subscript denotes that the derivative is taken with the potential fixed on the boundaries. Once F r and F are derived, the total force F t acting on microparticle C can be obtained according to Eq. ͑2͒. Now, we are in a position to do numerical calculations. For this purpose, we choose the permittivity of the microparticle ⑀ p =85⑀ 0 . This value can be realized by using ferroelectric materials. Also, the applied electric field is taken to be E 0 =10 5 V / m ͑which here is set to be smaller than 10 6 V / m, a typical order of magnitude generally used in electrorheological fluids 9 ͒. Figure 2 displays the radial force F r , tangential force F , and total force F t acting on microparticle C as a function of the lateral displacement x by using method I ͓Fig. 2͑a͔͒ and method II ͓Fig. 2͑b͔͒. Apparently, method I agrees with method II. We find that F r monotonically decreases as x increases and that F has a peak value at a certain x. Also, F t reaches maximum for a certain x. Interestingly, for small lateral displacements x, the relation between F t and x is linear, which clearly shows that for small oscillation amplitudes, the oscillation of microparticle C is simple harmonic.
In view of the simple harmonic oscillation, we perform the Taylor expansion to get the linear part of the total force F t acting on microparticle C. Next, we are allowed to obtain the equation of motion d 2 x / dt 2 + 2 x = 0 for microparticle C, which is able to vibrate perpendicular to the line joining the centers of fixed microparticles A and B. Here, 2 = k / m , is the angular frequency, m is the mass of microparticle C, and k is the proportionality constant of the linear part of total force F t with respect to x. Now, we obtain the oscillation period T =2 ͱ m / k of microparticle C ͑see Figs. 3 and 4͒.
We calculate T versus radius a for different separations d ͑Fig. 3͒ and versus separation d for various radii a ͑Fig. 4͒. In Figs. 3 and 4 , the results predicted by methods I and II are also displayed to agree with each other, which further shows the validity of the two methods in use. We found that the period T is caused to monotonically increase as the radius a increases for small separations d ͑see Fig. 3͒ . For the large d, the relation between T and a can be nonlinear, and a minimum is reached ͑Fig. 3͒. Figure 4 displays a linear relation between T and d for various radii a. Note that the T predicted for small a may be larger than that for large a within the range of large d. This behavior is inverse to those within the range of small d. In addition, as the external electric field E 0 increases, the total force F t acting on the microparticle C is caused to naturally increase. As a result, the oscillation period T of microparticle C should decrease accordingly. This can be easily understood, and thus, figures are not shown herein. Also, the period T of microparticle C should vary for microparticles with different permittivities and/or mass densities.
Since the period T obtained in this work is much larger than the relaxation time ͑ϳ10 −3 s, see Refs. 3 and 10͒ of dielectric microparticles responding to an external electric field, it is valid to use the above two methods to deal with the present quasielectrostatic system. In other words, the response of microparticle C oscillating through various positions is reasonably seen to be the same as that at rest due to the big difference between the period T and the relaxation time.
Throughout this work, we have discussed the transverse oscillation. In fact, the longitudinal oscillation ͑C oscillates along the line joining the centers of microparticles A and B͒ cannot appear for the present case. If the free microparticle C is dragged lengthways and released, it will be attracted by the particle that has a shorter distance from microparticle C.
Owing to the electroinduced simple harmonic oscillation, the microparticle can be used to record time, which makes it possible to design a new class of microparticulate clocks. We should remark that the so-called microparticulate clocks are by no means a development of devices recording time more accurately than the existing three classes of clocks: mechanical clocks, crystal clocks, and atomic clocks. Nevertheless, we expect that the potential microparticulate clocks might have intriguing applications in various fields, which is an agenda of future research.
